y^K 517.984 

Ocil,HJIJI5IIl,HOHHbIH MCTO^ B Sa^aHG O CnGKTpe 

/],H(})4)epeHii,HajibHoro onepaxopa HexBepToro nop5i/],Ka c 

caMono^o6HMM bgcom 

A. A. BjiaflHMHpoB 

Ahhotali,H5I. PaccMRTpHBaiOTca caMOConpajKenHbie rpaHUHHbic safla^^H ^jih flHcJxJjepeHi^H- 
ajiBHoro BbipajKeHHH 

o ■ v^^^ ~ ^py = 0, 

OA , rfle Bee p e W2 [0, 1] npeflCTasjiaeT co6oh o6o6iLi;eHHyio npoHSBOflnyio caMono/],o6HOH 4)yHKn,HH 

KaHTOpoBCKOro THna. Ha ochobc nsyiCHHa ocD;HjijiHn,HOHHbix cbohctb coGctbchhijIX (|)yHKn,HH 

yTOHHSIOTCH XapaKTepHCTHKH H3BeCTHBIX CnCKTpajIBHBIX aCHMHTOTHK TaKHX 3a/],aH. 

T~'. § 1. BBe^eHHe 

r-| ! 1. IJ,ejibio HacToamefi CTaxbH HBjiHexcH npHMeneHne paspaGoxaHHoro b jT] ociJ,HJiJiaii,HOHHoro 

j^ \ Mexo^a Hccjie;i,OBaHH3 cneKxpajibHbix acHMnxoxHK sa^^an c caMono;];o6HbiMH BecaMH k cjiynaio 

caMoconpHJKeHHOH rpaHHHHOH 3a.j\aHii 

(1) y^^ - Xpy = 0, 

(2) ^U-l)y'' + i{U + l)y'' = 0, 

Q\ ', rjxe p G 1^2"^ [0) 1] — HeoxpHn;axejibHaH o6o6in;eHHaH BecoBaa (|)yHKii,Ha, U G C^^^ — yHHxapnaH 

^ \ MaxpHii;a rpann'^Hbix ycjioBHit, a. y^ vl y^ — HHCJioBbie BeKxopt.1 

Mepea y^^\ r^e k G {0, . . . , 3}, s^ect o6o3HaHeHL.i cxan^apxHbie [21 § 15], [3l (7.46)] KBaannpo- 
HSBo^Hbie yt*^! ^ y, yt^l ^ y\ y^^l ^ y" h y'^^ ^ —I/'"- Co^epacaHHe pa6oxt.i [1] Gy^ex ^ajiee 
npeflnojiaraxBca hsbccxhijIM. 

X" 

J^ I 2. rpaHHHHbie 3aflaHH[T]([T]),[T]([2|) Gy^yx ^ajiee paccMaxpHBaxtca ne b MaKCHMajitHofl o6in;HocxH. 

A HMeHHo, cooxHomeHHH [I](l2|) ML.I HaMepeHbi npe^nojiaraxt ^onycKaiomHMH sanncb b BH^e 

(1) yP](o) + ayM(O) - /3yW(0) = /3y[3](o) + ay[2](0) = 

= yP](l) + ayM(l) + /3yW(l) = /3y[3l(l) - ayP](l) = 0, 

r^e a ^ 0, /3 > 0. KpoMe xoro, c|)yHKn;H3 p Sy^ex oGbihho npe^nojiaraxtca o6o6iri,eHHOH npoHs- 
Bo^HOH Hey6t.iBaK)iri;eH c|)yHKi];HH P G C[0, 1] KaHmopoecKoao muna caMonodo6uH. 3xo osHanaex 
[H § 2] BbinojiHeHHe paBencxB P(0) = h P(1) = 1, a xaxace cymecxBOBaHHe naxypajiBHoro 
HHCjia X > 1 H napt.1 BemecxBeHHbix hhccji a G (0, 1/x), 6 ^ (1 — xa)/(x— 1) co cjie^yiomHMH 

CBOHCXBaMH: 



o 



c^ 



1) Pa6oTa noAnepjKana POOH, rpanT K^ 10-01-00423. 

1 



2 

1°. HesaBHCHMO ot Bt.i6opa HH;];eKca fc G {0, . . . , x — 1} 4)yHKn;HH P^ G C[0, 1] BH;];a 

Pk{x) ^ xP(A;[a + 6] + ax) 

coBna^aex c (|)yHKn;HeH P c tohhoctbio /i;o a^mHTHBHOH nocTOSHHoii. 
2°. HesaBHCHMO ot Bt.i6opa HH^eKca k G {l,...,x— 1} 4)yHKn;HH P nocxoHHHa na HHxep- 
Bajie {k[a + b] — b, k[a + b]). 

HeKOTopbie 4)aKTt.i o pacnpe;];ejieHHH cneKxpa sajxan paccMaxpHBaeMoro xnna Moryx 6t.iTb nafi- 
^eHbi B pa6oTe [4^ § 3]. 

3. OopMajiBHoii aa^ane [I](IT]), [2](IT]) o6l.ihhl.im oGpasoM [5] coHocTaBjiHexca: jiHHeHHbiH nynoK 

T : C -> B{Wi[0, 1], W^^lO, 1]) onepaTopoB BH^a 

(1) (TWy.y) . / I.T ^. + l"^(°)-W°)|- + |a.(l) + Ml)l' _ ,(^_ |^|.>, 



HnxerpHpoBaHHeM ho nacTSM [5l JleMMa 2] jierxo ycTaHaBjiHBaexca, hto napa {X,y} h3 nncjia 

A G C H HexpHBHajIBHOH 4)yHKH;HH y G 14^2^ [0,1] HBJIHeXCH Co6cTBeHHOH HapoH HyHKa T B 

TOM H TOJiBKO TOM cjiyHac, KOL^^a 4)yHKH;HH y" H y'" — APy HenpepbiBHO ;i,H(|)(|)epeHH;HpyeML.i h 
yflOBjieTBopaioT ypaBHCHHio 

(2) W" - XPy]' + XPy' = 

coBMecTHo c HOHHMaeML.iMH B o6l.ihhom cmbicjic rpaHHHHL.iMH ycjioBHHMH [2] ([T]) . 3to Ha6jiio^e- 
HHe HOCToaHHO 6y;i,eT HCHOjibsoBaTbCH HaMH B ;];ajibHeHmeM. 



4. CTaTba HMeeT cjie^yioni,yio CTpyKTypy. B § 2 HSjiaraioTca CBeflfiHun 06 och;hjiji5iii;hh co6- 



CTBeHHBix 4)yHKH;HH sa^^aH paccMaTpHBaeMoro Tnna. Ohh 3bji3iotc5i ;];ocTaTOHHo cTan^^apT- 



HL.IMH [6], \7] H He HpeTeH;];yioT b hojihoh Mepe na nayHHyio HOBHsny. B § 3 paccMaTpHBa- 
eTC3 HBjieHHe cneKTpajibHOH nepHo^HHHocTH h BbiTeKaromne h3 Hero cBoficTBa cneKTpajibHbix 
acHMHTOTHK, a TaKJKe npHBo;];3TCH HjijiiocTpHpyioLLi;He nojiyneHHtie TeopeTHiecKHe pesyjibTaTti 
flaHHtie HHCJieHHbix sKcnepHMeHTOB. 

§ 2. OcLI,HJIJIHU,Ha C06cTBeHHMX c|}yHKLI,HH 

1. HMeioT MecTo cjie^yioiu;He ^Ba cJ^aKTa: 

1.1. Uycmb X > , a y ^ C^[0 , 1] ecrrih uempueuaAhHoe pemenue ypaeneHun § llE^, ydoene- 
meopsiwinee npu ueKomopoM a G [0, 1) nepaeeHcmeaM 

y{a) ^ 0, y\a) ^ 0, y'\a) ^ 0, y"\a) ^ 0. 

Tozda eunoAH^tomcji maKMce Hepaeencmea 

y{l) > 0, y'il) > 0, y"il) > 0, y"'il) > 0. 



/I,oKa3aTejiL.cTBo. 3a(|)HKCHpyeM nocjie;i,oBaTejibHocTb {P„}5^q paBHOMepno cxpeMa- 
in;Hxca k (|)yHKij,HH P (|)yHKij,HH Kjiacca C^[0, 1], HMeiomnx paBHOMepno nojiojKHTejiBHbie npo- 
H3Bo;i,Ht.ie H y;];oBjieTBopaioiu;Hx paBencTBaM Pn{a) = P{a). 3a(|)HKCHpyeM Taxace nocjie^oBa- 
xejiBHocTB {yn}'^=Q pemeHHH HaHajit.HL.ix sa^an 

(1) [y':-XPnyn]' + XPnyn = 0, 

yi'\a)=y^'\a), kE{0,...,3}. 

CTan^apTHbiMH MCTo^aMH TeopHH jiHHeiiHbix ;];H(|)(|)epeHH,HajibHL.ix ypaBHeHHit jijis BexTop- 
4)yHKn;HH [2l § 16] jierKo ycTaHaBjiHBaexcH (|)aKT paBHOMepnoH na oxpesKe [0, 1] cxo;];hmocth 

nOCJieAOBaxejIBHOCTeH {yn}n=0^ {yn}n=0^ {yn}n=0 ^ {Vn ' APnl/n}^=0 K 4)yHK^HHM y, y' , y" H 

y'" — XPy, cooTBexcTBeHHo. 

CorjiacHO [7, Lemma 2.1], Kaac^aa hs (|)yHKn;HH ?/„, y^, y'^ h y'^' cxporo nojioacHxejiBHa na 
nojiyHHTepBajie (a, 1]. OGx-e^HHaa stot (|)aKT c ypaBHeHHSMH ([1]), ycTanaBjiKBaeM cnpaBe^jiH- 

BOCTb OIJ,eHOK 

(Vx e (a, 1)) y':{l) ^ A[P„(1) - P„(x)]i/„(x). 

Hocpe^cTBOM npe^ejiBHoro nepexo^a xenept neMe^jieHHo ycTaHaBjiHBaexca (|)aKT HeoTpHn;a- 
xejiBHOCTH Ha nojiyHHTepBajie (a, 1] KaJK^oit h3 (|)yHKii;Hil y, y', y' h y'", a xaKxce cnpaBe^JiH- 

BOCTB OIJ,eHOK 

(2) (Vx e (a, 1)) y'"(l) ^ A[P(1) - P(a;)]y(x). 

IIpH 3TOM, BBH^y HexpHBHajIBHOCTH (|)yHKn;HH ?/, SaBCflOMO Hafl^eTCH BejIHHHHa 7 > CO CBOH- 
CTBOM 

(3) (Va:G(a,l]) y{x) ^ 'y- {x - af. 

OG'BeflHHaa oi^chkh (12|) h ([3|) c (|)aKTOM nenocToaHHOCTH (|)yHKii;HH P b jiroGoii jieBoit OKpecxHO- 
CTH TOHKH 1, y6e>KflaeMca b BBinojiHeHHH HepaBencTBa y'"{l) > 0, a xor^a h npoHHx xpeGyeMbix 
HepaBeHCTB. D 



1.2. Uycmb A > 0, a y G C'^[0, 1] ecrrih uempueuaAhHoe peiuenue ypaenenusi § i0([2|), ydoejie- 
meopsiwinee npu ueKomopoM a G (0, 1] HepaeencmeaM 

y{a) ^ 0, y'{a) ^ 0, y"{a) ^ 0, y"'{a) ^ 0. 

Tosda eunoAHHwrncji maKCHce Hepaeencmea 

y{0) > 0, y'{0) < 0, y"(0) > 0, y"'{0) < 0. 

YTBepac^^eHHe 11.21 ;i,OKa3t.iBaeTCH nojiHOCTbio anajiornHHO yxBepac^^eHHio 11.11 

2. Hmciot MecTO cjie;];yioiri;He ;];Ba (JjaKxa: 

2.1. Cnenrnp nyuna T cocmaeAen nocAedoeameAhHocm'bKi {A„}J^o 'neompuii,ameAbHux — a e 
CAyuae a > dacHce cmposo noAOMCumeAhHux — npocmux co6cmeeHHUx SHaueHUU. Hesaeucu- 
Mo om eu6opa undeKca n G N omeenamvui^aH co6cmeeHHOMy SHaHeHuw A„ co6cmeeHHaA (pyuK- 
v^ufi yn UMeem moAtKO npocmue uyAU u ydoeAemeopAem ycAoeusiM |/„(0) 7^ u |/„(1) 7^ 0. 



^OKasaxejibCTBo. Ha BbipajKeHHJi |§ 1| 13]([T]) KBa;],paTHHHOH (|)opML.i onepaxopa T(0) 
HeMe^jieHHo BbixeKaex, hto a^po 3Toro oiiepaTopa oGpasoBano jiHHeflHBiMH (|)yHKij,H3MH, y^o- 

BJieTBOpSIOmHMH paBCHCTBaM 

ay{^)-l3y\^) = ay{l) + (3y\l) = ^. 

B cjiynae a > e^HHCTBeHHoit xaKoit (|)yHKn;HeH aBjiaexca ToacflecxBeHHo nyjieBaa. CooTBex- 
CTBeHHO, B 3TOM cjiyHae Bce co6cTBeHHB.ie SHaneHHa nynxa T cxporo nojiojKHTejiBHbi. B cjiynae 
a = TaKHe (J)yHKn;HH oGpaayiOT o^HOMepHoe no^npocTpancTBO nocToaHHbix d^yaKi^m. 

HycTb HeKOTopoe coGcTBeHHoe sHaneHHe A > nynxa T oGjia^aex coGcxBeHHoil (|)yHKii;HeH y 
CO cBoiicTBOM j/(0) = 0. Tor;];a Gea orpaHHHeHHa oGmHocTH paccMoxpeHHH mojkho cHHTaxb, hto 
(|)yHKn;HH ?/ BemecTBCHHosHaHHa, a snaKH BejiHHHH ?/'(0), |/"(0) h y"'{0) coBna^aioT |§ 1| I1]([I])]- 
O^HaKO 3TO Bjienex npoTHBopenamee rpaHHHHbiM ycjioBHgM |§ 1| |1]([I]) coBna^enne snaKOB BejiH- 

HHH ?/"(l) ^ H y"'(l) 7^ [TT] . 

HycTb HeKOTopoe coGcTBeHHoe sHaneHHe A > nynxa T o6jia;];aeT co6cTBeHHOH cJ^yHKi^Hefi 
y CO CBOHCTBOM y{l) = 0. Tor;];a Ges orpaHHHeHHa oGiuhocth paccMoxpeHHa mojkho cHHxaTb, 
HTo 4)yHKn;Ha y BemecTBeHHoaHaHHa, a snaKH BejiHHHH — ?/'(l), |/"(1) h —y"'{l) coBna;];aioT 
|§ 1| 12](1I])1- O^HaKo 3TO Bjienex npoTHBopenamee rpaHHHHbiM ycjioBHSM |§ 1| 12]([T]) coBna^enne 
SHaKOB BejIHHHH ?/"(0) 7^ H -^'"(O) ^ [L2]. 

HycTb HeKOTopoe coGcxBCHHoe aHaneHHe A > nynxa T aBjiaexca KpaxHtiM. Tor;];a ^jia 
Hero HaH;];eTca coGcTBCHHaa 4)yHKn;HH y co cbohctbom y{0) =0, hto npoTHBopcHHT CKasannoMy 
panee. 

HaKOHen;, nycxb jijis HCKoxoporo coGcxBCHHoro sHaneHHH A > nynxa T cymecxByex Kpax- 
HbiH Hyjib a G (0, 1) cooxBexcxByiomeit coGcxBeHHott (|)yHKii;HH y. Tor^a snaKH bcjikhkh y"{a) h 
y"'{a) 3BJIHIOXCH jihGo coBna^aiomHMH, jih6o pasjiHHHBiMH. riepBtiH cjiynafi osnanaex npoxH- 
Bopenamee rpaHHHHbiM ycjioBHgM |§ 1| 12]([T]) coBna^enne snaKOB BejiHHHH y"{l) ^ h y"'{l) 7^ 
|1.1] . Bxopoit cjiynaii osnanaex npoxMBopenamee rpaHHHHbiM ycjiOBHSM |§ 1| |2]([T]) coBna^eHHe 
SHaKOB BejiHHHH y" (0) ^ H -y"io) ^ [L2]. D 

2.2. i? CMynae a > onepamop [T{0)]^'^T' : W2[0,l] -^ W2[0,l] ne yeeAUHueaem nucMa 
nepeMCH snaKa HUKaKou eevnecmeeHHOSHauHou (fiyHKV,uu. 

^OKasaxejibcxBO. BBH^y HenpeptiBHoit b cmbicjic paBHOMepHoii onepaxopnoii xonojio- 
THH saBHCHMocxH oHcpaxopa [T(0)]~^T' ox Bt.i6opa bccoboh (|)yHKii;HH p G Vr2~^[05 1]' AocxaxoH- 
Ho paccMoxpext. cjiynafi, Kor^a (|)yHKii;H5i p nenpepbiBHa h paBHOMepno nojioacnxejiBHa. Hnane 
roBopa, ^ocxaxoHHO ycxanoBHXB, hxo nesaBHCHMO ox BL.i6opa HaxypajibHbix hhccji n > h m 
HajiHHHe y y^oBjiexBopaiomefl rpaHHHHbiM ycjiOBH3M |§ l| l2]([T]) BemecxBeHHOSHaHHoit (|)yHKi];HH 
y G C^[0, 1] He MCHee n + m nepcMen snaKa Bjienex HajiHHHe ne Menee n nepeMen snaKa y 
4)yHKii;HH y^^\ B cjiynae m ^ A 3xox (|)aKx neMe^jieHHo BtixcKaex h3 xeopeMbi JlarpanjKa o 
cpe;];HeM sHaneHKH. 06iri;HH cjiynait 6y^ex paccMoxpen naMH na ochobc Mexo^a apHc|)MexHHe- 
CKoil HH^yKn;HH. 

HxaK, nycxb hsbccxho, hxo HajiHHHe y npoHSBOJitHofi y^oBjiexBopsnomeii rpaHHHHbiM ycjio- 
BHflM [£Tp](IT]) Bein;ecxBeHH03HaHH0H cJ)yHKi];HH y G C^[0, 1] ne Menee n + m + 1 nepeMen anaKa 
saBeflOMo Bjienex najinnne ne Menee n nepeMen snaKa y (|)yHKn;HH y^'^\ Hycxt. xaKace ncKoxopaa 
BeniecxBennosnannaa 4)ynKn;Ha y G C'^[0,1] y^oBjiexBopaex rpannnnbiM ycjioBHgM |§ 1| |2]([T]), n 



nycTb HaH;];yTC3 n + m + 1 ynopH^^OHeHHbix no BospacTaHHio tohck 

< 'Co,l < • • • < ^0,n+m+l < 1 
CO CBOHCTBaMH l/(^o,fc) " l/(^0,fc+l) < 0, TflC /c G {1, . . . , n + m}. 

CorjiacHO xeopeMe Jlarpanaca, Hafi^^yxca n + m tohck ^i^^ G ('Co,fc;Co,fc+i) co CBoflcTBaMH 
y'{.ii,k) ■ y{^o,k) < 0. HpH 3TOM jih6o HaH;i,eTca TOHKa C, G (0, ^o,i) CO CBOHCTBOM y{^) ■ y{C,o,i) < 0, 
jih6o y'(0) ■ y'(^i,i) < |y'(G,i)P, jih6o y"(0) ■ y'(G,i) > 0. 06ocHOBaHHe yKaaaHHoii ajiBTepna- 
THBL.I HcnojiBsyeT cJ)HrypHpyioin;ee cpe^H rpaHHiHbix ycjioBH{i |§ 1| 12]([T]) BbipaaceHHe BejiHHHHbi 
y"{0) nepea y{0) n y'{0). B nepBOM cjiynae <^jHKu;as y HMeex ne Menee n + m + 1 nepeMen 
3HaKa, HTO, no nnflyKTHBnoMy npe^nojioacennio, oananaex najinnne ne Menee n nepeMen snaxa 
y 4)yHKn;HH y^^\ Bo BTopoM n TpexteM cjiynaax nan^exca Tonxa ^2,1 ^ (0,^i,i) co cbohctbom 
y"{^2,i) ■ y'{(,i,i) > 0. AnajiornnnbiM oGpasoM, jih6o nan^^exca xonxa ^ G (^o.n+m+i, 1) co cboh- 
ctbom y{^) ■ y{^o,n+m+i) < 0, jih6o y'{l) ■ y'{^i,n+m) < ||/'(6,n+m)P, Jih6o y"{l) ■ y'{^l,n+m) < 0. 
B nepBOM cjiynae 4)ynKn;HH y hmcct ne Menee n + m + 1 nepeMen anaxa. Bo BTopoM n xpexbeM 
cjiynaax nan^eTCH xonxa 6,n+m+i e {^i,n+m, 1) co cbohctbom y"{^2,n+m+i) ■ y'(6,n+m) < 0. 

OGT-e^nnHa cKasannoe, nojiynacM, nxo jihGo (|)yHKn;H3 y^^^ hmcct ne Menee n nepeMen snaxa, 
jihGo naiiflyTCH n + m + 1 ynop3;];onennt.ix no Bospacxannio xonex 

< 6,1 < • • • < 6,n+m+l < 1 
CO CBOHCTBaMH y"i^2,k) " Z/"(6,fc+l) < 0. 

/^ajiee, corjiacno rpannnnbiM ycjiOBHHM |§ 1| 12](1I]); BbinojinaeTca jih6o nepaBencTBO 
y"{0) ■ y"{^2,i) < \y"{^2,i)\'^, JihSo nepaBencxBo y"'{0) ■ y"{C,2,i) > 0. B o6ohx cjiynaax nafi- 
;];eTCH TonKa .^3^0 ^ (0,^2,1) co cbohctbom y"'{C,3.o) ■ y"{C,2,i) > 0. AnajiorHnnbiM o6pa30M, 
BbinojinaeTCH jih6o nepaBencxBo y"{l) ■ y"{^2,n+m+i) < \y" {C,2,n+m+i)\'^ , JihGo nepaBencxBo 
y"'{l) ■ y"{^2,n+m+i) < 0. B 060HX cjiynaax nafi^exca xonxa ^3,n+m+i e (6,n+m+i, 1) co CBoii- 
cxBOM y'" {^2^n+m+i) ' 2/"(^2,n+m+i) < 0. TcM caMbiM, (|)ynKn;HH y'" HMeex ne Menee n + m + 1 
nepeMen anaxa, hxo, corjiacno xeopeMe Jlarpanaca, osnanaex najinnne ne Menee n + m ^ n 
nepeMen anaxa y (|)ynKn,HH y^*K D 

3. Hmciox mccxo cjie^yron^ne ^Ba (|)aKxa: 

3.1. Uycmb eevnecmeeHHOSHauHasi (pynKv^uji f G VF2^[0, 1] ydoeAemeopsiem HepaeencmeaM 
/(O) 7^ 0, /(I) ^ u UMeem na unmepeaAe (0, 1) poeno n, npuueM npocmux, uyAeu. Tosda cy- 
lu^ecmeyem eeAununa e > 0, dnsi Komopou AwBan eetu^ecmeeHHOSHaHHasi (f}yHKii,usi y G 1^2^ [0, 1] 
CO ceoucmeoM \\y — f\\w'^[o,i] < ^ maKMce UMteni na unmepeaAe (0, 1) poeno n npocmux nyAeu. 

3xo yxBep>K;];enHe xpHBHajibntiM oGpasoM Bbixexaex hs (|)aKxa nenpepbiBnocxn ecxecxBen- 
noro Bjioacenna 1^2^ [0, 1] M- C^[0, 1]. 

3.2. Uycm^h {A„}J^q — nocAedoeamcAbnocm.'b sanyMcpoeannux e nopHdne eo3pacm,anuH co6- 
cmeennux snanenuu nyuna T . Tozda nesaeucuMo om eu6opa undcKca n G N om^eeuawmasi 
co6cmeeHnoMy snaHenuK) Xn co6cmeenHan (pynKii^un yn UMcem e mounocmu n nyAcu na un- 
mepeaAe (0, 1). 

^oKasaxejiBcxBo. PaccMoxpnM cnanajia cjiynait a > 0. SaMexHM, nxo c Kaacfloii Beme- 
cxBennoanannoH (|)ynKn;HeH BH^a 



^1) f = ^ ^^y^ 



k=0 



MOJKHO CBHsaTb 4)yHKn;HOHajibHyio nocjie^^oBaxejibHOCTb {/m}m=o BH^a 

n 



fe=0 



Hpe^ejioM 3TOH nocjie^oBaxejibHOCTH b npocxpancTBe Ty2^[0, 1] HBjiaexcH (|)yHKii;H5i c„?/„. Co- 
OTBeTCTBCHHO |2.2[ I2.H 13.1) , npH c„ 7^ hhcjio SHaKonepeMeH cJ)yHKn;HH / MHHopHpyex hhcjio 



Hyjiefi (|)yHKn;HH ?/„. O^naKO, BBH^y jiHHeilHOH neaaBHCHMOCTH ceMeflcTBa co6cTBeHHt.ix 4)yHK- 
n;HH nyHKa T, saBe^oMO Hafl^eTca (|)yHKn;H5i BH^a ([T]), y^oBjiexBopaiomaa ycjiOBHio c„ 7^ h 
HMeiomaa ne Menee n nepeMen sHaxa na HHTepBajie (0, 1). TeM caMtiM, cJ)yHKi];Ha ?/„ HMeex ne 
Menee n Hyjieii. 

JXsiJiee, 3a4)HKCHpyeM HeTpHBHajibHbifi BemecTBeHHOSHanHbifi MHoroHjien Q ne npeBbimaio- 
mefl n cxeneHH, npHHa^JieJKamHH HHBapnaHTHOMy no;];npocTpaHCTBy onepaxopa [T(0)]^^T', 
KOTopoe oTBenaex ;];onojiHHTejiBHOH k Ha5opy {Afc}^~Q nacTH cneKxpa. BBH;];y GecKOHeiHo- 
CTH HocHxejiH BecoBOH (|)yHKn;HH p, MHoroHjieH Q He MOJKex 6t.iTt. 3jieMeHTOM H^pa onepaxopa 
[T(0)]~^T'. CooTBexcTBeHHO, cymecxByex HOMep N '^ n, ^jih Koxoporo (|)yHKii;HOHajiBHaa no- 

CJie^OBaxejIBHOCXB {Qm}m=0 BH^a 

g„^A^{[T(orVrg 

coH^excH B npocxpaHcxBe Wg^fO, 1] k nexpHBHajitHOMy KpaxHOMy coGcxBeHHoit <^jhki[rvl y^. 
HpH 3XOM |2.2[ I2.H 13.1) HHCJio Hyjieit ^yBKi\vm y^ ne Moacex npeBocxo^Hxt HHCJia snaKonepeMen 



MHoroHjiena Q, a xor^a h BejiHHHHy n. 06x.e^HHa5i cKaaanHoe, y6e>K^aeMC3 b BbinojineHKH 
paBencxBa N = n n najiwwm y coGcxBeHHofi cJ)yHKn;HH y^ b xohhocxh n nyjiefi na HHxepBajie 
(0,1). 

PacnpocxpaneHHe nojiynenHbix pesyjibxaxoB na o6iri;HH cjiynail a ^ npoBO^HXca npe^ejit- 
HL.IM nepexo;],OM c ynexoM yxBepjK^eHHH 12.11 h 13.11 D 

§ 3. CneKTpajibHaa nepHOflHHHOCTb h acHMnxoTHKH co6cTBeHHbix SHaHeHHH 

1. HMeiox Mecxo cjie^yioin;He ^Ba cJ^aKxa: 

1.1. Uycmb {A„}J^Q — nocAedoeameAhHocm'b sanyMepoeaHHUx e nopsidKe eospacmaHusi co6- 



cmeeHHUx SHaneHuu zpaHUUHOu sadanu § lUl^, § 1{E^ npu a = 0, /3 = 2/6, a {pn\'^=Q ^ 
anaAosuHHasi nocAedoeameAhHocnih Oah spanuHHOu sadauu mozo CHce muna npu a = 0, 
/3 = 2a /h. Tozda nesaeucuMO om eu6opa undcKca n G N eunoAHnemcn paeencmeo 



/],OKa3axejiL.cxBO. BBH;];y oneBH^^Horo BbinojiHeHHH hckomofo paBencxBa p,Jis co6cxBeH- 
HL.IX 3HaHeHHH Aq = /Uq = 0, ^ocxaxoHHo orpaHHHHXbCH paccMoxpenneM cjiynaa n > 0. 

3a(|)HKCHpyeM oxBenaiomyio co6cxBeHHOMy SHaneHHio /i„ > co6cxBeHHyio (|)yHKii;Hio y, 
HMeiomyio Ha HHxepBajie (0, 1) b xohhocxh n pasjiHHHBix nyjiefl h ne oGpamaiomyioca b nyjit. 
Ha rpaHHii;e sxoro HHxepBajia |§ 2|I3.2[ |§ 2|I2.1) . BBH^y npocxoxbi coGcxBennoro sHaneHKH /i„, 
xo>K;];ecxBO P{x) = 1 — P(l — x) [H 1.1] rapanxnpyex, hxo y^oBjiexBopaiomaa ypaBHennio 

[y'" - l2,,Py]' + PnPy' = 



H rpaHHHHbiM ycjioBHgM |§ l| l2]([T]) co6cTBeHHa3 (|)yHKn;H3 y aBjiaexca OTHOCHxejibHO tohkh 1/2 
jih6o HexHOH, jih6o HeHexHofi. 3to Ha6jiio;];eHHe nosBOJiaex nocxpoHTt (|)yHKii,HK) z e C^[0, 1], 
y^oBjiexBopsiomyio cjie^yiomHM ycjioBHSM: 

1°. Hpn J11060M BbiGope HH^eKca A;G{0,...,x— 1} (|)yHKn,Ha z^ BH^a 

Zk{.x) ^ 2(fc[a + &] + ax) 

coBna^aex c (|)yHKn;HeH ?/ c xohhocxbio ^o SHaxa. 
2°. HpH J11060M BL.i6ope HH^eKca k G {1, . . . , x — 1} na HHxepBajie (/c[a + 6] — 6, A;[a + 6]) 
BbinojiHHexca xoac^ecxBO 



\z[x)\ = 



2/(0) + 



2a2 



(x - /i;[a + 6] + 6) • (x - k[a + 6]) 



HenocpeflcxBeHHbiM BbinncjieHHeM c ynexoM (|)aKxa caMono^oGHa (|)yHKn;HH P ycxanaBjiKBaex- 
CH, Hxo 4)yHKn;H3 z y^oBjiexBopaex ypaBHeHHio 

[z'" - (x/a^) finPz]' + (x/a^) /i„P2 = 0. 



KpoMe xoro, hs nepaBencxBa y{0) -^"(0) < |§ 1| 12]([T]), § 2 11.1) BBixexaex HajiHHHe y (|)yHKn;HH z 
B xoHHocxH xra Hyjiefi na HHxepBajie (0, 1). TeM caMbiM, ;];oKa3biBaeMoe yxBepjKfleHHe HBjiaexcH 
BepHBiM f§"2]l3:2]. D 



1.2. Uycmh {A„}J^q — nocAedoeamejibHocmb sanyMepoeaHHUx e nopHdne eoapacmanufi co6- 
cmeeHHux sHaHCHuu spanuHHOu sadanu §_J_n\^, §_J_\E^ npu a = 12/b'^, (3 = 6/6, a 
{fin}'^=o ^ anaAoauHHasi nocAedoeameAhHocmh dnsi spanuHHOu sadauu moso otce muna npu 
a = 12a? /iP , /3 = Qa/b. Tosda nesaeucuMO om eu6opa undeKca n G N eunoAUfiemcsi paeencmeo 

>t{n+l)-l = {></a ) /in- 



A 



/JoKaaaxejibcxBO. /JaHHoe yxBep^K^^enne ^OKasBiBaexca anajiorHHHBiM yxBepac^eHHio 
11.11 o6pa30M c xeM ochobhbim oxjiHHHeM, Hxo npn „cmHBKe" KonHH HcxoflHofl coGcxBeHHoii 
4)yHKii;HH Hcnojibsyioxca He KBa^paxHHHbie, a Ky6HHecKHe napa6ojibi bh^ob 

62 ~ 



1 



Ck 



y"io) 

3a% 



.2 - \ , %(0) 



r^e nojiojKeHo Ck ^ x — k[a + 6] + 6/2. BBH;];y 3aBe;];oMoro pasjiHHHH snaKOB BejiHHHH y{0) 
H y"{0) |§ 1|I2]([I]), |§ 2|ll.l). KajK^aa hs napa6oji ([T]) HMeex na oxBenaiomeM eil HHxepBajie 



{k[a + 6] — b,k[a + 6]) eflHHCXBeHHbm nyjib. IIocjie^^Hee osnanaex HajiHHHe y 4)yHKLi;HH z b 
XOHHOCXH x(ra + 1) — 1 Hyjiefi na HHxepBajie (0, 1). D 



2. Hneex Mecxo cjie^^yiomHH (|)aKx: 

2.1. Uycrrib N : (0, +00) — > 'R — CHumamvui^aH (fiyuK'nusi co6cmeeHHUx SHaneHuu nyuna T. 
Tosda npu A — )■ +00 cnpaeedAueo acuMnmomuHecKoe coomHouieHue 

(1) iV(A) = A^-[.(lnA) + o(l)], 



dde D ^ u ^ In X, z/ ^ In X — 3 In a, a s — v -nepuoduuecKasi (fiyuKv^usi, donycKamm^afi na nepu- 
ode [0, z/] npedcmaeACHue 

(2) s{t) ^ e-^V(t), 

e KomopoM a — neKomopasi Hucmo cumyAsipHasi HeyBueamvuasi (pyuKyufi. 



/I,OKa3aTejit.cTBo. SaMexHM |§ 1| |3](1I])], hto saMena sHaHenHfl napaMexpoB a n P npn- 
bo;];ht k BOSMymeHHio onepaxopoB ny^Ka T neKOTopbiM onepaxopoM ne npeBocxo;];airi;ero 4 
panra. CooTBexcTBeHHO, rjiaBHbiH Hjien acHMnxoTHKH CHHTaromeii (|)yHKn;HH A^ ne saBHcnx ox 
BbiGopa yKasaHHbix sHaHenHfl. Ha npoxaaceHHH ocxaBineficH nacxH ^^oKasaxejibcxBa b KanecxBe 
ocHOBHOH Gy^ex paccMaxpHBaxbca 3a;i,aHa BH;];a a = 0, /3 = 2a /b c nocjie;];oBaxejibHocxbio 
co6cxBeHHL.ix sHaHeHHH {fin}'^=o- nocjie;];oBaxejibHocxb co6cxBeHHi>ix sHaHennH sa^^ann a = 0, 
/3 = 2/6 npn sxom 6y^ex oGoanaHaxbca nepea {A„}J^q. 

BBe;];eM b paccMoxpenHe nocjieflOBaxejiBHocxb sa^annbix na oxpesKe [0, z/] (|)yHKii;HH BH;];a 
<7fc(^) ^ x^^ N {e^^^'^) . SaMexHM, hxo nesaBHCHMo ox Bt>i6opa sHaHennH A;, ra G N h t G [0, z/] 
BbinojiHeHHe nepaBencxB 

Bjienex |1.H |§ l| l3]([T])] BBinojineHHe nepaBencxB 

TaKHM oGpasoM, npn jiioGbix fc G N h t G [0, z/] BtinojiHHexcH HepaBencxBo 

(3) |orfc+i(t)-afc(t)| ^x-^ 

aBxoMaxHHecKH oaHaHaromee paBHOMepnyio cxoahmocxb nocjie^oBaxejiBHocxn {o"fc}^o ^ seKo- 
xopoH (|)yHKn;HH a co cBoiicxBaMH (II]), ([2]). 

J\ajiee, nesaBHCHMO ox BL.i6opa SHaHeHHfi fc, n G N n t G [0, z/] BbinojineHHe nepaBencxB 

Bjienex Bbinojinenne paBencxBa (Jk^i{t) = crk{t). Hpn sxom, nyxeM noHxn ;];ocjiOBnoro noBxope- 
nna paccyjK^^ennn ns ;];oKa3axejibcxB yxBepjK^^ennn [H § 5.1.1] n [1], § 5.2.1], ycxanaBjiHBaexcH 
|1.H 11.2] orpaHHHennocxb nocjie^^oBaxejibnocxen nacxn^Hbix cyMM psflpB 



^|ln/i^(„+i)_i -In/i^ 

L 

oo 



71=1 

OO 



n=l 

CooxBexcxBenno, nocjie^oBaxejibnocxb Mep MnoacecxB BH;];a 

{tG [0,z/] : afc+i(t)^afc(t)} 

HMeex npn A; — > oo acHMnxoxHKy o(l), hxo Bjienex [(|3])] cnpaBe^jiHBOcxt acHMnxoxn^ecKHX 
cooxnomennn 

||0"fc+l - O-fclUalO,!] = o(^" )) 
llcTfc - Cr||L2[0,l] = 0(x~ ). 



n 


/in 


54/i„ 


A„ 


1 
2 
3 

4 


2,2131-10^ ± 10-^ 

8,1717-102± 10-2 

3, 175 - 10^ ± 10° 

3,849-104± 10^ 


1, 1951- 10^ ± 10-1 
4, 4127- 10^ ± 10° 
1,714-10^±102 
2,078-106±103 


4,0965-10^ ± 10-^ 

1,1951-103± 10-1 

3,867-103± 10° 

4, 412- 10^ ± lOi 



Tabjihli,A 1. On;eHKH nepBbix co6cTBeHHt.ix sHaHeHHfl sa^^an a = 0, /3 
a = 0, /9 = 6 fljia cjiyiaa x = 2, a = 6 = 1/3. 



2 H 



n 


/in 


54/i„ 


\i 





8, 2987- 10° ± 10-4 


4, 4813- 102 ± 10-2 


4,0965-101 ± 10-^ 


1 


1,3784-102± 10-2 


7,443-103±10° 


4, 4813- 102 ± 10-2 


2 


1,6311-103± 10-1 


8, 808 -10^ ±101 


3,867-103± 10° 


3 


4,380-103± 10° 


2, 365 -10^ ±102 


7, 443 - 10^ ± 10° 


4 


4, 586 -10^ ±101 


2,476-106±103 


6,251-104± lOi 


5 


6,465-104± lOi 


3,491-106±103 


8,808-104± lOi 



Tabjihli,A 2. On;eHKH nepBbix co6cTBeHHL.ix sHaHeHHit aa^an a = 12, /3 = 6 h 
a = 108, /3 = 18 jiJiii cjiynaa >c = 2, a = b = 1/3. 



Yhct npH3HaKa cHHryjiapnocTH pQ § 4.1.3] h Toro oGcToaxejibCTBa, hto 4)yHKii;HH a^ saBe^oMO 
HMeioT He 6ojiee 0(x'^) ToneK pasptma [(II])], saBepmaex ^OKasaxejitcTBO. D 



3. Ta6jiHii;i>i h3 nacToamero nyHKxa coflepacaT flaHHbie, oTHocamneca k ypaBHeHHio, BecoBofl 
4)yHKii;HeH b KoxopoM Bbicxynaex oGoGmeHHaH npoHSBo^^naa KaHTopoBofi jiecTHHii;t.i. JXannhie 
Ta6jiHn;L.i [T] HjijnocxpHpyioT yxBep^K^eHHe 11.11 ^annbie Ta6jiHij,bi [2] HjijnocxpHpyioT yTBepjKfle- 
HHeOl 
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